Magnetic monopoles and fermion number violation in chiral matter by Yamamoto, Naoki
ar
X
iv
:2
00
5.
05
02
8v
1 
 [h
ep
-th
]  
11
 M
ay
 20
20
Magnetic monopoles and fermion number violation in chiral matter
Naoki Yamamoto
Department of Physics, Keio University, Yokohama 223-8522, Japan
We show that the presence of a magnetic monopole in position space gives rise to a violation
of the fermion number conservation in chiral matter. Using the chiral kinetic theory, we derive a
model-independent expression of such a violation in nonequilibrium many-body systems of chiral
fermions. In local thermal equilibrium at finite temperature and chemical potential, in particular,
this violation is proportional to the chemical potential with a topologically quantized coefficient.
These consequences are due to the interplay between the Dirac monopole in position space and the
Berry monopole in momentum space. Our mechanism can be applied to study the roles of magnetic
monopoles in the nonequilibrium evolution of the early Universe.
Introduction.—The magnetic monopole (in position
space)1 is a hypothetical object that has close connec-
tions to various fundamental problems in theoretical
physics: the quantization of electric charges [1], the grand
unified theory [3, 4], the proton decay [5, 6], evolution of
the early Universe, and so on. Nonetheless, despite its
relevance especially to the evolution of the early Uni-
verse, understanding of the roles of magnetic monopoles
in nonequilibrium many-body systems remains elusive.
In this paper, we study the physical consequences of
magnetic monopoles in nonequilibrium many-body sys-
tems of chiral (or Dirac) fermions. Such an analysis be-
comes feasible thanks to the recent developments of the
kinetic theory for chiral fermions, called the chiral ki-
netic theory [7–17], where the quantum corrections due
to the chirality are incorporated as the Berry phase [2]
in momentum space.
We show that, when a magnetic monopole is present
in chiral matter, it leads to a violation of the fermion
number conservation. Although this is reminiscent of
the Rubakov-Callan effect [5, 6], we note that our results
are derived for nonequilibrium many-body systems and
are model-independent. We also show that, when the
system is in local thermal equilibrium characterized by
a temperature T and chemical potential µ, the violation
of the fermion number conservation is proportional to µ
with a topologically quantized coefficient; see Eqs. (31)
and (32) for the case of U(1) charges. As we will argue,
these are the consequences of the interplay between two
types of monopoles: the Dirac monopole in position space
1 Note that we consider two different types of magnetic monopoles
in this paper: one in position space and the other in momentum
space. To avoid possible confusion, we often call the former the
Dirac monopoles [1] and the latter the Berry monopoles [2].
and the Berry monopole in momentum space.
Throughout the paper, we use the natural units ~ =
c = 1.
Chiral kinetic theory.—To make our paper self-
contained, we will first review the chiral kinetic theory
[7–17]. Although the chiral kinetic theory can be written
in a Lorentz covariant manner, we will apply the chiral
kinetic theory with a Berry curvature that do not have
a manifest Lorentz covariance [7–9], as it is simpler both
conceptually and practically for our purpose. (This cor-
responds to a particular choice of the frame vector in the
Lorentz-covariant chiral kinetic theory in Refs. [14–16].)
For simplicity, we first consider the U(1) charges, and we
will extend our results to the U(k) charges (k ∈ N) later.
Let us start with the semiclassical action for a chiral
fermion with charge e in the presence of electromagnetic
fields [7–9],
S =
∫
[(p+ eA) · dx− (ǫp + eφ)dt− ap · dp] , (1)
where Aµ = (φ,A) is the gauge field and ap is the Berry
connection. The Berry curvature is defined from ap as
Ωp ≡∇p × ap = K pˆ
2|p|2 , (2)
where pˆ ≡ p/|p| is a unit vector and K = ±1 corre-
sponds to right- and left-handed fermions, respectively.
More generically, a Berry monopole with any integer K
is possible; see, e.g., Refs. [18, 19] for such realizations
in Weyl semimetals. For this reason, we consider generic
integer K below and will take K = ±1 later.
The Berry curvature can be regarded as a fictitious
magnetic field of a magnetic monopole in momentum
space [2], whose charge is defined by
1
2π
∫
Ωp · dS = K . (3)
2This “Berry monopole” should not be confused with the
magnetic monopole in position space that we will con-
sider later. The chirality of the fermion is taken into
account by the Berry connection ap in the action and by
the gauge-independent Berry curvature Ωp in the follow-
ing equations of motion and the kinetic theory.
The dispersion relation of chiral fermions also receives
a modification by the magnetic moment,
ǫp = |p|(1 −Ωp · eB) , (4)
as required by the Lorentz symmetry of the system [8,
13].
Here and below, we assume that e|E|, e|B| ≪ |p|2.
We also note that the chiral kinetic theory is applicable
to the region sufficiently away from the origin p = 0 in
momentum space [7–9]. We denote the IR and UV cutoffs
of this effective theory as ∆IR,UV > 0, respectively, for
later purpose.
The equations of motion that follow from the action
(1) read
x˙ = v˜ + p˙×Ωp, (5)
p˙ = eE˜ + x˙× eB, (6)
where
v˜ =
∂ǫp
∂p
, eE˜ = eE − ∂ǫp
∂x
. (7)
From Eqs. (5) and (6), we get
√
ωx˙ = v˜ + eE˜ ×Ωp + (v˜ ·Ωp)eB, (8)√
ωp˙ = eE˜ + v˜ × eB + e2(E˜ ·B)Ωp, (9)
where ω = (1 + eB ·Ωp)2.
Now consider the kinetic equation
∂np
∂t
+ x˙ · ∂np
∂x
+ p˙ · ∂np
∂p
= C[np], (10)
where np(x) is the distribution function of the chiral
fermion in phase space and C[np] is the collision term,
for which we assume∫
p
√
ωC[np] = 0 ,
∫
p
≡
∫
d3p
(2π)3
. (11)
The detailed form of C[np], which can be found in
Refs. [14–16] (in a generic reference frame), will be irrel-
evant in our discussion. Inserting Eqs. (8) and (9) into
Eq. (10), we derive the chiral kinetic equation [8, 12],
√
ω
∂np
∂t
+
[
v˜ + eE˜ ×Ωp + (v˜ ·Ωp)eB
]
· ∂np
∂x
+
[
eE˜ + v˜ × eB + e2(E˜ ·B)Ωp
]
· ∂np
∂p
=
√
ωC[np] .
(12)
One can easily see that, without the Berry curvature,
Eq. (12) reduces to the conventional kinetic equation
with electromagnetic fields.
From Eqs. (8) and (9), one can define the fermion num-
ber and current as [7–9]
n ≡
∫
p
√
ωnp , (13)
j ≡
∫
p
√
ωx˙np =
∫
p
[
v˜ + eE˜ ×Ωp + (v˜ ·Ωp)eB
]
np ,
(14)
respectively. The second and third terms in Eq. (14)
are the anomalous Hall effect (AHE) and the chiral mag-
netic effect (CME) of the forms jAHE = eE × σAHE and
jCME = eσCMEB [20–22], respectively, where nonequi-
librium expressions of σAHE and σCME are given by [7–9]
σAHE =
∫
p
Ωpnp , (15)
σCME =
∫
p
(v˜ ·Ωp)np = −
∫
p
ǫpΩp · ∂np
∂p
. (16)
So far, we only consider the contribution of particles,
but if antiparticles also exist in the system, such contri-
butions have to be added in Eqs. (15) and (16) as well
[11].
Dirac monopole in chiral matter.—From now on, we
consider the situation where a magnetic monopole in po-
sition space is present in a many-body system of single
right-handed (or left-handed) chiral fermions.
Before considering a generic electromagnetic field con-
figuration, it is instructive to consider the case only with
the magnetic field of a stationary magnetic monopole
with charge g,
Bmono = g
xˆ
|x|2 , (17)
where we set the monopole at the origin x = 0 without
loss of generality. In this case, one expects the angular
momentum conservation due to the rotational symmetry
of the system.
We define L ≡ x× p, and then we have
L˙ = x˙× p+ x× p˙
= (p˙×Ωp)× p+ x× (x˙× eBmono)
=
d
dt
(
egxˆ− K
2
pˆ
)
, (18)
where we used the equations of motion (5) and (6) with
setting E = 0 and B = Bmono. Equation (18) is equiva-
lent to the total angular momentum conservation law:
J˙ = 0, J ≡ L− egxˆ+ K
2
pˆ . (19)
3The second term in J corresponds to the angular momen-
tum due to the Poynting vector E ×B in the presence
of the Dirac monopole in position space. On the other
hand, the third term with the coefficient K/2 = ±1/2
corresponds to the spin of chiral fermion, which is in-
corporated by the Berry monopole in momentum space.
Because of the quantization of the angular momentum,
we have
eg =
N
2
, (20)
with integer N . This is the Dirac quantization condition
[1].
Fermion number violation.—We now consider a generic
electromagnetic field configuration. The modified
Gauss’s law for magnetism and Ampe`re’s law in the pres-
ence of a magnetic charge nm and magnetic current jm
are
∇ ·B = nm, (21)
∂B
∂t
+∇×E = −jm , (22)
respectively.
Let us study the fermion number (non)conservation of
the system. Generically, for a given system, information
of the conservation laws associated with some symme-
tries is encoded in the kinetic theory. In our case, by
performing the integration over p in Eq. (12) and using
Eqs. (21) and (22), one finds
∂n
∂t
+∇ · j = −e2
∫
p
(
Ωp · ∂np
∂p
)
E ·B
− ejm ·
∫
p
Ωpnp + enm
∫
p
(v˜ ·Ωp)np .
(23)
The first term on the right-hand side can be evaluated
by using ∇p ·Ωp = 0 for p 6= 0 and the fact that np = 1
for |p| = ∆IR and np = 0 for |p| = ∆UV as [7]
e2
(2π)3
E ·B
∫
Ωp · dS = Ke
2
4π2
E ·B . (24)
This reproduces the triangle anomalies in quantum field
theory [23, 24], where the coefficient is topologically
quantized by the monopole charge in Eq. (3).
On the other hand, the second and third terms in
Eq. (23) are new; one can see that these integrals have
exactly the same forms as σAHE and σCME in Eqs. (15)
and (16), respectively.
Putting altogether, we arrive at
∂n
∂t
+∇ · j = Ke
2
4π2
E ·B − ejm · σAHE + enmσCME ,
(25)
or in a “Lorentz covariant” form,
∂µj
µ = −Ke
2
32π2
ǫµναβFµνFαβ + ej
µ
mσ
chi
µ , (26)
where jµ ≡ (n, j), jµm ≡ (nm, jm), and σchiµ ≡
(σCME,−σAHE).
As a further demonstration, we consider a single mag-
netic monopole at the origin, nm = 4πgδ
3(x). By per-
forming the spatial integration, imposing the boundary
condition j → 0 at infinity, and using the Dirac quanti-
zation condition (20), we get
dQ
dt
=
∫
x
Ke2
4π2
E ·B + 2πNσCME(0) , (27)
where
Q ≡
∫
x
n ,
∫
x
≡
∫
d3x . (28)
Here, we write σCME(0) to explicitly show that it is the
value of the chiral magnetic conductivity at the position
of the magnetic monopole, x = 0. Equation (27) shows
that the fermion number conservation is violated at the
location of the Dirac monopole in chiral matter, in addi-
tion to the triangle anomalies. Note that Eqs. (25)–(27)
are valid even when the system is away from equilibrium,
which are part of our main results.
Local thermal equilibrium.—When the system is in lo-
cal thermal equilibrium characterized by a local temper-
ature T , chemical potential µ and local fluid velocity
uµ = γ(1,v) with γ ≡ (1 − v2)−1/2, then the expres-
sions (26) and (27) are further simplified. In this case,
one finds
σchiµ =
Kµ
4π2
uµ . (29)
This is easy to check, in particular, in the local rest
frame uµ = (1,0) in the regime µ ≫ T with a well-
defined Fermi surface, where ǫp = µ. First, the integral
in Eq. (15) vanishes in the local rest frame, since there
is no special direction in momentum space, and hence,
σAHE = 0. Also, repeating the same trick as the compu-
tation of Eq. (24), the integral (16) becomes [7]
σCME =
µ
(2π)3
∫
Ωp · dS = Kµ
4π2
. (30)
where the coefficient is again topologically quantized by
the monopole charge in Eq. (3). In fact, the result (30)
4is exact independently of µ and T : for generic T , one can
again derive Eq. (30) by taking into account the contri-
bution of antiparticles [11]. By performing the Lorentz
boost for σchiµ = (σCME,0), we find Eq. (29).
Substituting Eq. (29) into Eqs. (26) and (27), we have
∂µj
µ = −Ke
2
32π2
ǫµναβFµνFαβ +
Ke
4π2
µjµmuµ , (31)
and
dQ
dt
=
∫
x
Ke2
4π2
E ·B + NK
2π
µ(0) , (32)
The second term in Eq. (32) clearly demonstrates that
this new fermion number violation is due to the interplay
between the Dirac monopole in position space, whose
charge is characterized by the integer N , and the Berry
monopole in momentum space, whose charge is charac-
terized by the integer K.
We can extend these results to relativistic matter with
Dirac fermions at vector chemical potential µV ≡ (µR +
µL)/2 and chiral chemical potential µA ≡ (µR − µL)/2.
By adding or subtracting the right- and left-handed sec-
tors K = ±1, we get
∂µj
µ
V
=
eµA
2π2
jµmuµ , (33)
∂µj
µ
A
= − e
2
16π2
ǫµναβFµνFαβ +
eµV
2π2
jµmuµ , (34)
where jµ
V
≡ jµ
R
+ jµ
L
and jµ
A
≡ jµ
R
− jµ
L
are the vector and
axial-vector currents, respectively.
Extension to generic charges.—We can also extend the
result (31) to the case with more generic charges. Con-
sider a conserved current jµa = ψ¯σµT aψ, where ψ is a
chiral fermion field of interest, T a (a = 0, 1, · · · , k2 − 1)
are the U(k) generators, and σµ = (1,σ). We denote
the field strength of the U(k) gauge field as F aµν . In the
presence of a four magnetic current jµam = (n
a
m, j
a
m), we
have
∂µj
µa = −Ke
2
32π2
dabcǫµναβF bµνF
c
αβ + d
abcejµbm σ
chi
µc ,
(35)
in nonequilibrium state. Here, dabc = 1
2
tr(T a{T b, T c})
and σchiµa ≡ (σCMEa ,−σAHEa ) with [25, 26]
σCMEa = −
∫
p
ǫpΩp ·
∂na
p
∂p
, σAHEa =
∫
p
Ωpn
a
p
, (36)
and na
p
the distribution function for the U(k) charge. In
equilibrium, Eq. (35) reduces to
∂µj
µa = −Ke
2
32π2
dabcǫµναβF bµνF
c
αβ +
Ke
4π2
dabcµbjµcm uµ ,
(37)
where µa is the chemical potential for the conserved cur-
rent jµa.
Relation to the Witten effect.—We note in passing that
Eq. (33) has a connection with the Witten effect [27]. To
make this connection clear, we again consider the spatial
integral of Eq. (33), which yields
dQV
dt
=
N
π
µA(0) , QV ≡
∫
x
nV . (38)
We now recall the similarity of the physics at finite µA
to the physics at finite θ angle [28], according to which
2µA corresponds to θ˙. By making the replacement µA →
θ˙/2 in Eq. (38) and performing the integration under the
condition that the additional vector charge due to the
monopole vanishes (∆QV = 0) when θ = 0, we obtain
∆QV =
N
2π
θ . (39)
This is exactly the Witten effect [27]. Note however that
our results above cannot simply be retrieved from the
Witten effect itself. Note also that such a connection
would be lost in nonequilibrium.
Discussions.—In this paper, we derived the model-
independent expressions of the anomalous fermion num-
ber violation due to the presence of the Dirac monopole
in equilibrium and nonequilibrium chiral matter. Our
main results are Eqs. (26), (27) and (31)–(37).
Our argument so far is general in that it does not rely
on the details of systems. Let us now consider a grand
unified theory (GUT) as an example, where U(1) elec-
tromagnetism is embedded in a “spontaneously broken
gauge symmetry,” leading to a magnetic monopole as a
topological soliton. If such a GUT are chiral, a finite chi-
ral asymmetry of a fermion can be produced at the GUT
scale (see, e.g., Refs. [29, 30]). Then, our results show
that the finite chiral conductivity σchiµa gives a new con-
tribution to the baryon and/or lepton number violation
in addition to the quantum anomalies. For a given model,
our formulation and mechanism should allow one to com-
pute such violations quantitatively. This may be relevant
to the nonequilibrium evolution of the early Universe in-
cluding the problems of baryogenesis and leptogenesis.
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